On the total vertex irregularity strength of trees  by Nurdin,  et al.
Discrete Mathematics 310 (2010) 3043–3048
Contents lists available at ScienceDirect
Discrete Mathematics
journal homepage: www.elsevier.com/locate/disc
Note
On the total vertex irregularity strength of trees
Nurdin a,b, E.T. Baskoro a,∗, A.N.M. Salman a, N.N. Gaos a
a Combinatorial Mathematics Research Group, Faculty of Mathematics and Natural Sciences, Institut Teknologi Bandung, Jl. Ganesa 10 Bandung 40132, Indonesia
bMathematics Department, Faculty of Mathematics and Natural Sciences, Hasanuddin University, Jl. Perintis Kemerdekaan Km.10 Tamalanrea, Makassar,
Indonesia
a r t i c l e i n f o
Article history:
Received 16 June 2008
Received in revised form 24 June 2010
Accepted 25 June 2010
Available online 21 July 2010
Keywords:
Total vertex irregularity strength
Trees
a b s t r a c t
A vertex irregular total k-labelling λ : V (G) ∪ E(G) −→ {1, 2, . . . , k} of a graph G is a
labelling of vertices and edges of G done in such a way that for any different vertices x and
y, their weights wt(x) and wt(y) are distinct. The weight wt(x) of a vertex x is the sum of
the label of x and the labels of all edges incident with x. The minimum k for which a graph
G has a vertex irregular total k-labelling is called the total vertex irregularity strength of
G, denoted by tvs(G). In this paper, we determine the total vertex irregularity strength of
trees.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
In [6], Chartrand et al. introduced the notion of an edge irregular labelling. For a graph G, the weight of a vertex x under
an edge labelling λ : E(G)→ {1, 2, . . . , k} is
wt(x) =
∑
xy∈E(G)
λ(xy).
The edge labelling λ : E(G)→ {1, 2, . . . , k} is called an edge irregular k-labelling of G if every two distinct vertices x and
y in V (G) satisfywt(x) 6= wt(y).
The irregularity strength of the graph G, denoted by s(G), is the minimum positive integer k for which graph G has an edge
irregular k-labelling.
Some results on the irregularity strength of some graphs can be seen in [1,5,10], and a survey paper [7] and the web
page [9]. For example, Amar and Togni proved the following result.
Theorem A ([1]). Let T be a tree having t pendant vertices and no vertices of degree 2. Then s(T ) = t.
Motivated by total labellings mentioned in a survey paper of Gallian [7] and a book of Wallis [14], Bača et al. [4] started
to investigate edge irregular and vertex irregular total labellings of graphs. For a graph Gwith vertex set V (G) and edge set
E(G), any labelling λ : V (G) ∪ E(G)→ {1, 2, . . . , k} is called a total k-labelling. The weight of an edge e = xy under a total
k-labelling λ is
wt(e) = λ(x)+ λ(e)+ λ(y).
∗ Corresponding author.
E-mail addresses: nurdin1701@unhas.ac.id ( Nurdin), ebaskoro@math.itb.ac.id, ebaskoro@gmail.com (E.T. Baskoro), msalman@math.itb.ac.id
(A.N.M. Salman), nana@math.itb.ac.id (N.N. Gaos).
0012-365X/$ – see front matter© 2010 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2010.06.041
3044 Nurdin et al. / Discrete Mathematics 310 (2010) 3043–3048
A total k-labelling λ : V (G) ∪ E(G) → {1, 2, . . . , k} is called an edge irregular total k-labelling of G if every two distinct
edges e and f satisfy wt(e) 6= wt(f ). The total edge irregularity strength of the graph G, denoted by tes(G), is the smallest
positive integer k for which G has an edge irregular total k-labelling.
The notion of a total edge irregularity strength was introduced by Bača et al. [4]. Some results have been obtained for
several classes of graphs. For instances, Bača et al. [4] have determined the total edge irregularity strength of paths, cycles,
stars, wheels, and friendship graphs. Recently, Nurdin et al. [13] determined the total edge irregularity strength of the corona
product of paths with some graphs. In [11], we determined the total edge irregularity strength of a disjoint union of t copies
of K2,n. Besides that, Bača et al. [3] improved lower and upper bounds for the total edge irregularity strength for trees.
Furthermore, Ivančo and Jendrol’ [8] completely determined the exact value of the total edge irregularity strength for trees.
In [4], Bača et al. also defined a total vertex irregularity strength of a graph G. In this case, for a graph G(V , E), theweight
of a vertex x under a total k-labelling λ is
wt(x) = λ(x)+
∑
xz∈E(G)
λ(xz).
A total k-labelling λ : V (G) ∪ E(G) → {1, 2, . . . , k} is called a vertex irregular total k-labelling of G if every two distinct
vertices x and y satisfywt(x) 6= wt(y). The total vertex irregularity strength of the graphG, denoted by tvs(G), is theminimum
positive integer k for which G has a vertex irregular total k-labelling.
There are not many graphs whose total vertex irregularity strengths are known. Bača et al. [4] have determined the total
vertex irregularity strength for some classes of graphs, namely cycles, stars, and prisms. Besides that, Wijaya et al. [15] have
determined the total vertex irregularity strength for complete bipartite graphs.
Bača et al. [4] derived lower and upper bounds of the total vertex irregularity strength of any tree T with no vertices of
degree 2 as described in Theorem B.
Theorem B ([4]). Let T be a tree with t pendant vertices and no vertex of degree 2. Then
d(t + 1)/2e ≤ tvs(T ) ≤ t.
Recently, Nurdin et al. [12] determined the total vertex irregularity strength for several kinds of trees containing vertices
of degree 2, namely a subdivision of a star and a subdivision of a particular caterpillar. They also derived the total vertex
irregularity strength for a complete k-ary tree.
In this paper, we investigate the total vertex irregularity strength for trees. As a result, we improve the lower bound
in Theorem B. In particular, we characterize all trees with maximum degree 3 having the total vertex irregularity strength
equal to the lower bound of Theorem B.We also determine the total vertex irregularity strength of any tree without vertices
of degree 2 and 3. Finally, we give two examples of trees with their total vertex irregularity strength higher than the lower
bound in Theorem B.
2. Basic properties of trees
The following basic lemmas will be useful for proving our results.
Lemma 1 ([4]). Let T be a tree on p vertices and q edges, and let ni be the number of vertices of degree i. Then
n1 = 2+
∑
i≥2
(i− 2)ni. (1)
Proof. Using the well known facts that p =∑i≥1 ni, 2q =∑i≥1 ini, and p = q+ 1, we immediately obtain (1). 
Now, consider any tree with maximum degree 3. Let ni be the number of vertices of degree i (i = 1, 2, 3). For 1 ≤ i ≤ 3,
define ti =
⌈
1+∑ij=1 nj
i+1
⌉
. By using Lemma 1, we can obtain t1 =
⌈
18+6n3
12
⌉
, t2 =
⌈
12+4n2+4n3
12
⌉
, and t3 =
⌈
9+3n2+6n3
12
⌉
.
Lemma 2. Let n3 be an odd integer. Then t1 = max{t1, t2, t3} if and only if n3 ≥ 2n2 − 3, and 0 ≤ n2 ≤ 3.
Proof. If t1 = max{t1, t2, t3} then t1 ≥ t2 and t1 ≥ t3. Since n3 is odd then t1 = (18+ 6n3)/12. Next, t1 ≥ t2 is equivalent to
18+6n3 ≥ 12+4n2+4n3. Therefore, we obtain n3 ≥ 2n2−3. Similarly, t1 ≥ t3 is equivalent to 18+6n3 ≥ 9+3n2+6n3.
This yields n2 ≤ 3. 
By a similar argument and noting that if n3 is even, then t1 = (24+ 6n3)/12, we obtain the following lemma.
Lemma 3. Let n3 be an even integer. Then t1 = max{t1, t2, t3} if and only if n3 ≥ 2n2 − 6 and 0 ≤ n2 ≤ 5.
Next, two lemmas can be proved similarly.
Lemma 4. Let n3 be an odd integer. Then, t3 > t1 and t3 > t2 if and only if n2 > 0 and n2 < 2n3 + 6.
Lemma 5. Let n3 be an even integer. Then, t3 > t1 and t3 > t2 if and only if n2 > 2 and n2 < 2n3 + 6.
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3. Main results
Let T be any tree having ni vertices of degree i (i = 1, 2, . . . ,∆), where∆ = ∆(T ) is the maximum degree in T .
Let t = max
{⌈
1+n1
2
⌉
,
⌈
1+n1+n2
3
⌉
,
⌈
1+n1+n2+n3
4
⌉
, . . . ,
⌈
1+n1+n2+···+n∆
∆+1
⌉}
.
Assume that t =
⌈
1+n1+···+nr
r+1
⌉
for some r . In any vertex irregular total k-labelling on T the smallest weight among all the
vertices of degrees 1, 2, . . . and r is at least 2, and the largest weight is at least 1+ n1 + n2 + · · · + nr . The value of kwill be
minimum if the largest weight is on the vertex of degree r , since the weight is shared by r edges and one vertex. Therefore,
the minimum value of k is at least t . Thus, we have the following theorem.
Theorem 1. Let T be any tree having ni vertices of degree i (i = 1, 2, . . . ,∆), where ∆ = ∆(T ) is the maximum degree in T .
Then tvs(T ) ≥ max
{⌈
1+n1
2
⌉
,
⌈
1+n1+n2
3
⌉
,
⌈
1+n1+n2+n3
4
⌉
, . . . ,
⌈
1+n1+n2+···+n∆
∆+1
⌉}
.
Note that Theorem 1 improves the lower bound in Theorem B above. Furthermore, if we only consider all trees with the
maximum degree 3 then we can evaluate the precise value of their total vertex irregularity strength as follows.
Theorem 2. Let T be any tree with maximum degree 3. Let ni be the number of vertices of degree i in T , where i = 1, 2 and 3.
i. For odd n3: tvs(T ) = t1 if and only if n3 ≥ 2n2 − 3 and n2 ≤ 3.
ii. For even n3: tvs(T ) = t1 if and only if n3 ≥ 2n2 − 6 and n2 ≤ 5.
Proof. By using Lemma 2 and Theorem 1, we have tvs(T ) ≥ t1 if and only if n3 ≥ 2n2 − 3, n3 is odd and 0 ≤ n2 ≤ 3.
Similarly, Lemma 3 and Theorem 1 yield that tvs(T ) ≥ t1 if and only if n3 ≥ 2n2 − 6, n3 is even, and 0 ≤ n2 ≤ 5.
Next, we show that tvs(T ) ≤ t1.
Let V ∗ := {v1, v2, . . . , vn1} be the set of all pendant vertices in T and E∗ := {ei|ei is the edge incident to vi, 1 ≤ i ≤ n1}.
Define a labelling λ1 from V ∗ ∪ E into positive integers by
λ1(vi) =
{
1 for 1 ≤ i ≤ t1
i+ 1− t1 for t1 < i ≤ n1,
λ1(ei) =
{
i for 1 ≤ i ≤ t1
t1 for t1 < i ≤ n1,
and
λ1(e) = t1 for all e ∈ E \ E∗.
For each vertex y ∈ V \ V ∗, define
ω(y) =
∑
yz∈E(T )
λ1(yz).
Write V \ V ∗ := {y1, y2, y3, . . . , yN}, where N = n2 + n3 such that ω(y1) ≤ ω(y2) ≤ ω(y3) ≤ · · · ≤ ω(yN). Recursively,
define the labelling λ1 on V \ V ∗ and the weight of all vertices in V \ V ∗ as follows:
λ1(y1) = n1 + 2− ω(y1), wt(y1) = n1 + 2,
and for 2 ≤ i ≤ N
λ1(yi) = max {1, wt(yi−1)+ 1− ω(yi)} and wt(yi) = ω(yi)+ λ1(yi).
We conclude that λ1 is a labelling from V (T )∪ E(T ) into {1, 2, . . . , t1}, the weights of pendant vertices constitute the set
{2, 3, 4, . . . , n1+ 1}, and the weights of all remaining vertices form sequences n1+ 2 = wt(y1) < wt(y2) < · · · < wt(yN).
Therefore, tvs(T ) ≤ t1. 
By letting n2 = 0 in Theorem 2, we have a special tree with the total vertex irregularity strength equal to t1 as follows.
Corollary 1. Let T be a tree with vertices of degree 1 and 3 only. Then, tvs(T ) = d(n1+1)/2e, where n1 is the number of vertices
of degree 1.
Theorem 3. Let T be a tree with n1 pendant vertices and no vertex of degree 2. Then
tvs(T ) =
⌈
n1 + 1
2
⌉
.
Proof. Let T be a tree on n vertices and have n1 pendant vertices. In relation to Theorem 1 we have that tvs(T ) ≥ t1, where
t1 = d(n1 + 1)/2e.
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Next, we show that tvs(T ) ≤ t1.
Let V ∗ := {v1, v2, . . . , vn1} be the set of all pendant vertices in T and E∗ := {ei|ei is the edge incident to vi, 1 ≤ i ≤ n1}.
Define a labelling λ2 from V ∗ ∪ E into a set of positive integers such that
λ2(x) = λ1(x) for x ∈ V ∗ ∪ E.
For each vertex y ∈ V \ V ∗, define
ω(y) =
∑
yz∈E(T )
λ2(yz).
Write V \ V ∗ := {y1, y2, y3, . . . , yn−n1}, such that ω(y1) ≤ ω(y2) ≤ ω(y3) ≤ · · · ≤ ω(yn−n1). Recursively, define the
labelling λ2 on V \ V ∗ and the weight of all vertices in V \ V ∗ as follows:
λ2(y1) = n1 + 2− ω(y1), wt(y1) = n1 + 2,
and for 2 ≤ i ≤ n− n1
λ2(yi) = max {1, wt(yi−1)+ 1− ω(yi)} and wt(yi) = ω(yi)+ λ2(yi).
We conclude that theweights of pendant vertices constitute the set {2, 3, 4, . . . , n1+1} and theweights of all remaining
vertices form a strictly increasing sequence, namely
n1 + 2 = wt(y1), wt(y2), wt(y3), . . . , wt(yn−n1).
Since t1 = d(n1 + 1)/2e, then n1 + 1 ≤ 2t1. By using Lemma 1, we can have ni ≤ n1i−1 for i ≥ 4. Therefore, ni ≤ t1 for i ≥ 4
and so λ2(x) ≤ t1 for all vertices x ∈ V \ V ∗. This allows us to conclude that λ2 is a labelling from V ∪ E into {1, 2, . . . , t1}.
Therefore, tvs(T ) ≤ t1. 
In [12] it is shown that for certain trees T , tvs(T ) = t2, namely a subdivision of a star or a subdivision of a special
caterpillar. In the following theorem, we show that tvs(Pn) = t2, where Pn is a path (a tree with n1 = 2 and n2 = n− 2).
Theorem 4. Let Pn be a path on n vertices. Then
tvs(Pn) =
⌈
n+ 1
3
⌉
.
Proof. According to Theorem 1 we have that tvs(Pn) ≥ t2, where t2 = d(n+ 1)/3e. Next, we show that tvs(Pn) ≤ t2. Let Pn
be a path v1e1v2e2v3e3 · · · vn−1en−1vn, n ≥ 4. We construct a vertex irregular total labelling λ3 of the path as follows:
λ3(e1) = λ3(en−1) = 1,
λ3(ei) =
⌈
2i− λ3(ei−1)
2
⌉
for 2 ≤ i ≤ dn/2e,
λ3(en−1−j) =
⌈
2(j+ 1)+ 1− λ3(en−j)
2
⌉
for 1 ≤ j ≤ b(n− 4)/2c.
For each y ∈ V (Pn), define
ω(y) =
∑
yz∈E(Pn)
λ3(yz).
Write V (Pn) := {y1, y2, y3, . . . , yn} such that ω(y1) ≤ ω(y2) ≤ ω(y3) ≤ · · · ≤ ω(yn). Recursively, define the labelling
λ3 on V (Pn) and the weight of all vertices in V (Pn) as follows:
λ3(y1) = 2− ω(y1), wt(y1) = 2,
and for 2 ≤ i ≤ n
λ3(yi) = max {1, wt(yi−1)+ 1− ω(yi)} and wt(yi) = ω(yi)+ λ3(yi).
We conclude that λ3 is a labelling from V (T )∪E(T ) into {1, 2, . . . , d(n+1)/3e} and theweights of all vertices form a strictly
increasing sequence: 2 = wt(y1), wt(y2), wt(y3), . . . , wt(yn).
Therefore, tvs(Pn) ≤
⌈
(n+1)
3
⌉
which completes the proof. 
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d1 d2 d3
a5a4
c1 c2 c3 c4 c5
b3 b2 b1
a1 a2 a3
Fig. 1. The graph G3 .
Wewill present some classes of trees with the total irregularity strength equal to t3 = d(1+ n1 + n2 + n3)/4e. In order
to do that, define a graph Gm(m ≥ 1) as a tree with the vertex set and the edge set as follows:
V (Gm) := {ai, ci|1 ≤ i ≤ m+ 2} ∪ {bi, di|1 ≤ i ≤ m},
E(Gm) := {bibi+1, didi+1|1 ≤ i ≤ m− 1} ∪ {b1c1, cm+2d1}
∪ {aici|1 ≤ i ≤ m+ 2} ∪ {cici+1|1 ≤ i ≤ m+ 1}.
By the definition, we conclude that bm, dm, and all ai’s (for 1 ≤ i ≤ m + 2) are pendant vertices. The vertices bi, di (for
1 ≤ i ≤ m− 1) are of degree 2, and all ci’s with 1 ≤ i ≤ m+ 2 are vertices of degree 3. Fig. 1 gives an example of a tree G3.
Theorem 5. Let m ≥ 1 be a positive integer; then
tvs(Gm) =
⌈
4m+ 5
4
⌉
.
Proof. The graphGm hasm+4 vertices of degree 1, 2m−2 vertices of degree 2, andm+2 vertices of degree 3. By Theorem 1,
Lemmas 4 and 5, we have that tvs(Gm) ≥ t , where t = ⌈ 4m+54 ⌉. Next, we shall show that tvs(Gm) ≤ t . We construct a total
labelling λ4 of Gm as follows:
λ4(bm−1bm) = 1,
λ4(dm−1dm) = 2,
λ4(aici) = i+ 2 for 1 ≤ i ≤ t − 2,
λ4(aici) = t for t − 1 ≤ i ≤ m+ 2,
λ4(cici+1) = t for 1 ≤ i ≤ m+ 1,
λ4(cm+2d1) = t − 1,
λ4(didi+1) = t − 1 for 1 ≤ i ≤ m− 2,
λ4(b1c1) = t − 2, and
λ4(bibi+1) = t − 2 for 1 ≤ i ≤ m− 2.
Define
ω(y) =
∑
yz∈E(Gm)
λ4(yz).
Write V := {y1, y2, y3, . . . , y4m+4} such thatω(y1) ≤ ω(y2) ≤ ω(y3) ≤ · · · ≤ ω(y4m+4). Recursively, define the labelling
λ4 and the weight of all vertices in V as follows:
λ4(y1) = 2− ω(y1), wt(y1) = 2,
and for 2 ≤ i ≤ 4m+ 4
λ4(yi) = max {1, wt(yi−1)+ 1− ω(yi)} and wt(yi) = ω(yi)+ λ4(yi).
We conclude that λ4 is a labelling V (Gm) ∪ E(Gm) into {1, 2, . . . , t} and the weights of all vertices form a strictly increasing
sequence, namely 2 = wt(y1), wt(y2), wt(y3), . . . , wt(y4m+4).
Therefore, tvs(Gm) ≤ t which completes the proof. 
To conclude this paper, let us present the following conjecture.
Conjecture 1. Let T be a tree with maximum degree∆. Let ni be the number of vertices of degree i ≤ ∆ in T . Then
tvs(T ) = max
{⌈
n1 + 1
2
⌉
,
⌈
n1 + n2 + 1
3
⌉
,
⌈
n1 + n2 + n3 + 1
4
⌉}
.
Theorem1 can be generalized for any graph as follows. LetG be a connected graphwithminimumdegree δ andmaximum
degree∆. Let ni be the number of vertices of degree i in G, where i = δ, δ + 1, . . . ,∆.
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Let t = max
{⌈
δ+nδ
δ+1
⌉
,
⌈
δ+nδ+nδ+1
δ+2
⌉
, . . . ,
⌈
δ+∑∆i=δ ni
∆+1
⌉}
.
Assume that t =
⌈
δ+nδ+nδ+1+···+nr
r+1
⌉
for some r . Similarly, in any vertex irregular total k-labelling on G the smallest
weight among all the vertices of degrees δ, δ + 1, δ + 2, . . . , and r is at least δ + 1, and the largest of them is at least
δ + nδ + nδ+1 + · · · + nr . The value of k will be minimum if the largest weight is at the vertex of degree r . Therefore, the
minimum value of k is at least t . Thus, we obtain the following theorem.
Theorem 6. Let G be a connected graph having ni vertices of degree i (i = δ, δ + 1, δ + 2, . . . ,∆), where δ and ∆ are the
minimum and the maximum degree of G, respectively. Then
tvs(G) ≥ max

⌈
δ + nδ
δ + 1
⌉
,
⌈
δ + nδ + nδ+1
δ + 2
⌉
, . . . ,

δ +
∆∑
i=δ
ni
∆+ 1

 .
Let us note that Anholcer et al. in [2] improve all known upper bounds of total vertex irregularity strength and prove that
if G is a graph of order n and with minimum degree δ > 0, then tvs(G) ≤ 3 ⌈ n
δ
⌉+ 1. Furthermore, we propose the following
conjecture.
Conjecture 2. Let G be a connected graph having ni vertices of degree i (i = δ, δ + 1, δ + 2, . . . ,∆), where δ and ∆ are the
minimum and the maximum degree of G, respectively. Then,
tvs(G) = max

⌈
δ + nδ
δ + 1
⌉
,
⌈
δ + nδ + nδ+1
δ + 2
⌉
, . . . ,

δ +
∆∑
i=δ
ni
∆+ 1

 .
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